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Abstract. Let X r be the moduli of SL„, SU„, GL„, or U„ valued 
representations of a rank r free group. We compute the fundamen- 
tal group of 3c r and show that these four moduli otherwise have 
identical higher homotopy groups. We then classify the singular 
stratification of X r . This comes down to showing that the singu- 
lar locus corresponds exactly to reducible representations if there 
exist singularities at all. Lastly, we show that the moduli X r are 
generally not topological manifolds, except for a few examples we 
explicitly describe. 



I. Introduction 

Let F r be a rank r free group and let G be an affine complex reduc- 
tive Lie group with K a maximal compact subgroup. Let lH r (c7) = 
Hom(F r ,c7) and yi r (K) = Hom(F r ,i\~) be the varieties of representa- 
tions, and let G, respectively K , act by conjugation on these represen- 
tation spaces. 

Define the character varieties X r (K) := d\ r {K)/K and X r (G) := 
Spec ma;c (C[!iK r (c7)] G ) • In the first case, X r (K ) is the conjugation orbit 
space of y\ T (K) where p ~ ip if and only if there exists k e K so p = 
kipk -1 . In the second case, X r (G) parametrizes unions of conjugation 
orbits where two orbits are in the same union if and only if their closures 
have a non-empty intersection. 

is a complex affine variety and has a well defined singular 
locus (a proper subvariety) which we denote by X r (G) sm9 . In the other 
case, X r (K ) is a semi-algebraic set and so embeds in a real algebraic 
set and so also has a singular locus X r (K) smg . 

We will be mainly concerned with the cases when G is the general 
linear group GL n or the special linear group SL n (over C), for which 
K is the unitary group K = \J n or the special unitary group SU n , 
respectively. 

In these representation p is called irreducible if with respect 

to the standard action of G, respectively K , on C n the induced action 
of p(F r ) does not have any non-trivial proper invariant subspaces. Oth- 
erwise p is called reducible. This allows one to define the sets X r (G) red 
and X r (K) red which correspond to the spaces of equivalence classes 
in X r (G), respectively X r (K), that have a representative which is re- 
ducible. 

l 
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Furthering our topological results from |FL09j . we prove that both 
X r (K) and X r {G) are simply connected whenever K is connected and 
simply-connected itself. Using this result and an explicit description of 
X r (GL„) as an X r (SL n )-bundle over an algebraic r-torus, we are able 
to compute the fundamental groups of X r (GL n ), X r (SL n ), X^U^), and 
X r (SU n ) as well as show that they all have identical higher homotopy 
groups. We are also able to establish that X r (SL n ) C X r (GL n ) has 
its singular locus determined by the singular locus of X r (GL n ) alone. 
These are the main results of Section [2j 

It is straightforward to establish that Xi(SL n ) = C n_1 and X 2 (SL 2 ) = 
C 3 are affme spaces and so smooth, and Xi(SL n ) red = Xi(SL n ). In 
|HP04j . it is shown that X r {SL 2 ) sin9 = X r (SL 2 ) red for r > 3. Like- 
wise, one can establish that all irreducibles are in fact smooth, that 
is X r (SL n ) sin ° C X r (SL„) red . In |Law07| it is shown that the singular 
locus of X2(SL 3 ) corresponds exactly to the set of equivalence classes 
of reducible representations, that is, X 2 (SL 3 ) red = X 2 (SL 3 ) sm9 . 

These examples generalize to our second main result: 

Theorem 1.1. Let r, n > 2. Let G be SL n or GL n and K be SU ra or 

U„. Then X r {G) red = X r {G) sing and X r (K) red = X r (K) sin9 if and only 
if (r,n)^ (2,2). 

In fact we are able to use an induction argument to completely clas- 
sify the singular stratification of these semi-algebraic spaces. 
The proof and development of this result constitutes Section [3j 
Theorem 11.11 is sharper than it might appear at first. Replacing F r 
by a general finitely presented group T one can find examples where 
irreducibles are singular and examples where reducibles are smooth. 
On the other hand, changing G to a general complex affme reductive 
group, we find there are examples where irreducibles are singular. See 
Section 13.91 

A locally Euclidean Hausdorff space M with a countable basis is 
called a topological manifold. If, in addition, the neighborhoods are 
permitted to be half Euclidean then M is said to be a topological man- 
ifold possibly with boundary. In |FL09j we determined the homeomor- 
phism type of X r (SU n ) in the cases (r, n) = (r, 1), (1, n), (2, 2), (2, 3), 
and (3, 2) where we showed all were topological manifolds possibly with 
boundary. In |BC01j it is established that X r (SU 2 ) are not topological 
manifolds when r > 4. 

Motivated by this we conjectured in [FL09] and herein prove that the 
examples computed in [FL09| are the only cases where a topological 
manifold possibly with boundary arise, that is, 

Theorem 1.2. Let r,n > 2. Let G be SL n or GL„ and K be SU n 

or U n . X r (G) is a topological manifold possibly with boundary if and 
only if (r,n) = (2,2). X r (K) is a topological manifold possibly with 
boundary if and only if (r, n) = (2, 2), (2, 3), or (3, 2). 
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Theorem 11.11 and the observation that the reducible locus is non- 
empty for n > 2, does not immediately imply Theorem 11.21 since alge- 
braic singularities may or may not be an obstruction to the existence 
of a Euclidean neighborhood. For example, both the varieties given by 
xy = and y 2 = x 3 in C 2 (or R 2 ) are singular at the point (0, 0) but 
only the latter has a Euclidean neighborhood at the origin. 

The proof of Theorem 11.21 constitutes Section HI 

It is interesting to note that since X r (SL n ) deformation retracts to 
X r (SU n ) it must be the case that for (r, n) = (2,3) and (3,2) the 
non-Euclidean neighborhoods deformation retract to Euclidean neigh- 
borhoods. Curiously, these are the only cases {n > 2) where X r (SU n ) 
is a manifold without boundary, and both are homeomorphic to spheres 
(see [FL09] or Section £2]). 

To prove our main theorems we use slice theorems and explicitly 
describe the homeomorphism type of neighborhoods (showing them to 
be non-Euclidean) for a family of examples. 

The paper is organized as follows. In Section 2 we introduce our 
objects of interest, character varieties, discuss their singularities, and 
prove that their topology is strongly influenced by the topology of the 
maximal compact Lie group K. It is here that we are able to essentially 
reduce the study of algebraic singularities to those in X r (GL n ) alone. 
In Section 3 we prove necessary lemmas, including a brief review of 
a weak version of the celebrated Luna Slice Theorem, in preparation 
to prove our classification of the singular stratification. This directly 
generalizes some of the results of [HP04J. In Section 4, we discuss 
properties of compact quotients and slices to prove the classification 
of those moduli which are manifolds. In the Appendix, we clarify the 
distinction between trace varieties and character varieties, and then 
using a result in |Bai08j we give a new cohomology argument that 
X r (SU2) are not topological manifolds when r > 4. 
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2. Character Varieties 

Let K be a compact Lie group and G = Kq be its complexification 
(complex zeros of K as a real algebraic set). Such groups are called 
reductive and are always complex afline algebraic. 
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For instance, K c = SL Tt is the complexification of K = SU n , and 
K c = GL„ is the complexification of K = U„. Let T be a finitely 
generated group and let 9^r(G) = Hom(T, G) be the G-valued repre- 
sentations of T. We call fRr{G) the G -representation variety ofT. 

In the category of affine varieties, 9ir(G) has a quotient by the con- 
jugation action of G, a regular action, given by p \— > gpg~ l . This quo- 
tient is realized as X V {G) = Spec max {C[V\ r {G)] G ), where C[m r (G)] G 
is the subring of invariant polynomials in the affine coordinate ring 
C[!?lr(Cr)]- We call Xr(G) the G-character variety ofT. Concretely, it 
parametrizes unions of conjugation orbits where two orbits are in the 
same union if and only if their closures intersect non-trivially. Within 
each union of orbits, denoted [p] and called an extended orbit equiva- 
lence class, there is a unique closed orbit (having minimal dimension). 
Any representative from this closed orbit is called a polystable point. 
For SL n and GL n the polystable points will have the property that with 
respect to the action of p(T) on C ra , they are completely reducible; that 
is, each decomposes into a finite direct sum of irreducible sub-actions 
(on non-zero subspaces). 

Let F r = (xi,...,x r ) be a rank r free group. The G -representation 
variety ofF r , and the G-character variety ofF r will simply be denoted 
by %K r (G) and X r (G), respectively. The evaluation mapping < >K r {G) — > 
G r defined by sending p i— > (p(xi), p(x r )) is a bijection and since 
G is a smooth affine variety, 9\ r (G) naturally inherits the structure of 
a smooth affine variety as well. Since an affine (algebraic) reductive 
group over C is always linear, we can assume that G is a subgroup of 
GI_at, for some N, and hence %-(G) C C rN . So, %.(G) also inherits 
the induced ball topology. It is worth noting that whenever G is an 
irreducible algebraic set, 9^ r (G) is irreducible, and consequently X r (G) 
is irreducible as well. All complex affine reductive groups G are always 
reduced algebraic sets which implies X r (G) is reduced as well. We 
note that in the ball topology of X r (G), i.e. the subspace topology 
induced from and affine embedding of X r (G) into C k for large enough 
k, the moduli is Hausdorff and has a countable basis. Although the ball 
topology is dependent on an embedding a priori, an affine embedding 
corresponds exactly to a set of generators for the associated ring, but 
all choices result in the same homeomorphism type, so the ball topology 
is intrinsic. 

For a compact Lie group K, we also call the orbit space X r (K) = 
VKr(K)/K a K -character variety of F r despite the fact that it is gener- 
ally only a semi-algebraic set. In this case, the topology, also Hausdorff 
with a countable basis, is the quotient topology. X r {K) is compact 
since K is compact. Likewise, it is path-connected whenever K is 
path-connected. 

Definition 2.1. Let p : T — > G be a representation into a complex re- 
ductive Lie group. If the image of p does not lie in a parabolic subgroup 
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of G, then p is called irreducible . If, for every parabolic P contain- 
ing p(T) there is a Levi L such that p(T) C L C P, then p is called 
completely reducible. 

For SL n and GL n the irreducible representations are exactly those 
that, with respect to their actions on C™, do not admit any proper 
(non-trivial) invariant subspaces. Any representation that is not irre- 
ducible is called reducible. Denote the set of reducible representations 
by 9\ r (G) red . A point is called stable if the stabilizer is finite and if the 
orbit is closed. 

The following theorem can be found in jSik09j . building on earlier 
work in [JM871 pages 54-57]. Let PG = G/Z{G) where Z{G) is the 
center. Note that the action of PG and G define the same GIT quotients 
and the same orbit spaces and thus, since the PG action is effective, 
we will often consider this action. 

Theorem 2.2 QJM87, SikOQ]). Let G be reductive. The irreducibles are 
exactly the stable points under the action of PG on 9{p(G). Moreover, 
the completely reducibles are the polystable points. 

Definition 2.3. The reducibles Xr(G) red are the image of the projec- 
tion 

y\ r (G) red c 9t r (G) — > X r (G). 

Since DK r (G) = G r all points are smooth, and since X r (G) is an affine 
quotient of a reductive group, there exists p ss G [p] which has a closed 
orbit and corresponds to a completely reducible representation. Thus, 
for G either SL n or GL n we can assume it is in block diagonal form. 
In other words, p ss «-> (Xi, X r ) where Xi all have the same block 
diagonal form (if they are irreducible then there would be only one 
block). These representations induce a semi-simple module structure 
on C". We denote the set of semi-simple representations by D\ r (G) ss . 
We note that yK r {G) ss / G = X r (G) since all extended orbits have a semi- 
simple representative, and that the semisimple representations are also 
the completely reducible representations which are also the polystable 
representations. Likewise, we denote the irreducible representations 
(those giving simple actions on C n ) by ^(G) 8 and their quotient by 
3C r (G) s . 

For free groups, a very concrete relationship exists between i^-character 
varieties and -Kc-character varieties, as expressed in the following re- 
sult. 

Theorem 2.4 (|FL09J). Let K be a compact Lie group and G its com- 
plexification. Then, % r (K) is a strong deformation retract ofX r (G). 
In particular, these character varieties are homotopy equivalent. 

2.1. The Determinant Fibration. In order to compare SL n -character 
varieties to GL n -character varieties, the following setup will be useful. 
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The usual exact sequence of groups given by the determinant of an 
invertible matrix 

(1) SL n - GL n ^ C* 

induces (by fixing generators of F n as before) what we will call the 

determinant map: 

det:X r (GL n ) -> Hom(F r ,C*) ^ (C*) r 
[p] i ► det(p), 

where det(p) = (det(Xi), det(X r )), for p = (X 1: ...,X r ) G %.(GL n ). 
Note that the map is clearly well defined on classes. Considering the 
algebraic torus (C*) r = Hom(F r ,C*) = X r (C*) as an algebraic group 
(with identity 1 = (1, ...,1) and componentwise multiplication) it is 
immediate that the SL n character variety is the "kernel" of the deter- 
minant map, X r (SL n ) = det~ (1). Therefore, the sequence induces 
another exact sequence 

(2) X r (SL n )-X r (GL n )^(CT- 

In this way, SL n character varieties appear naturally as subvarieties of 
GL n character varieties. 

Note also that X r (GL n ) can be viewed as a X r (C*)- space, as it admits 
a well defined action of this torus. That is, we can naturally define 
p ■ A G X r (GL„), given p G X r (GL„) and A G X r (C*). Given that 
PSL„ = GL„/C*, it is easy to see that the corresponding quotient is 
the PSL„-character variety: 

X r (PSL n ) = X r (GL n )//X r (C*). 

Also, GL^ is a quasi-affine variety of gl(n, C) r . In particular, it is 
the principal open set defined by the product of the determinants of 
generic matrices. Since the determinant is an invariant function and 
taking invariants commutes with localizing at those invariants, we have 

C[GLa -«C WB ,C)7GUl[ detW .|. det( ^ 

where C[gl(n, C) r /GL n ] det(xIT^det(x ) ^ s ^ ne l° ca li za ti° n at the prod- 
uct of determinants. 

We now prove how the fixed determinant varieties, complex and 
compact, relate to the non-fixed determinant ones. 

Theorem 2.5. Let Z n = Z(SL n ) = Z(S\J n ). The following are iso- 
morphisms: 

(1) X r (GL n ) = X r (SL n ) x Xr(Zn) X r (GI_i) 

(2) X r (U n ) S X r (SU n ) x Xr(Zn) X r (Ui) ; 

the first in the category of algebraic varieties, and the second in the 
category of semi- algebraic sets. 
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Proof. We first note that X r (Ui) £ (S 1 ) r and £ r (GI_i) = (C*) r , and 
thus X r (Z„) = ~L r n1 as the groups involved are abelian. 

The determinant map flTJ defines a principal SL n -bundle SL n 
GL n — > C*, which also expresses GL n = SL n x C* as a semidirect product 
since there exists a homomorphic section. 

Let Z n correspond to n th roots of unity Uk = . As algebraic 
sets one can show directly, by the mapping (A, A) i— > AA, that GL n = 
(SL n x C*)/Z n := SL n x Zn C* where Z n acts by w fc • (5-, A) = (</w fc , 1 X) 
and C* is the center of GL n . This implies that as algebraic sets 

X r (GL n ) = ((SL n x C*)//Z n )7/SL n 

(3) = (sl; x (cy)//z;)//su 

- (sl; x {cy)//s\. n )//K 

= X r (Sl n ) xzr (C*) r , 

since the action of TJ n commutes with the action of SL n which is trivial 
on (C*) r . 

In the same way we obtain the additional "twisted product" isomor- 
phism x r (u n ) s x r (siy x X r (s'y. □ 

This result provides an explicit way to write X r (GL X r (SL„)- 
bundle over the algebraic r-torus (C*) r and X r (U n ) as a X r (SU n )-bundle 
over the geometric r-torus (S* 1 ) 1 ". 

There are a number of consequences to Theorem 12.51 However, we 
first establish an interesting and general topological fact. 

Theorem 2.6. If K is a connected and simply connected compact Lie 
group, then both X r (Kc) and X r (K) are simply connected. 

Proof Since K is assumed to be connected and simply connected, 
%Kr{K) = K r is simply connected as well. By Corollary 6.3 on page 91 
in |Bre72j we conclude that X r (K) = ^Kr{K)/K is simply connected. 
By Theorem 12.41 X r (Kc) is likewise simply connected. □ 

In particular, X r (SL n ) and X r (SU n ) are simply connected. 

Corollary 2.7. For m > 2 or m = 0, 

7T m (X r (GL n )) = 7r m (X r (U„)) = 7T m (X r (SU n )) = 7T m (X r (SL n )), 

and 

7T 1 (X r (GL n ))=7T 1 (X r (U n )) = Z® r . 

Proof By Theorem I2.5[ X r (U„) is a X r .(SU n )-bundle over a geometric 
r-torus, and so we compute the long exact homotopy sequence: 

• • • - vr m (X r (Siy ) - vr m (X r (U n )) - ;r m ((5 1 ) r ) - • • • - 7r ((S' 1 ) r ) - 1. 

Using the fact that S 1 has a contractible universal cover which implies 
?i"m((>S' 1 ) r ) = 1 for m > 2, one calculates in these cases ir m (X r (\J n )) = 

7T m (X r (SU n )). 
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Both compact moduli spaces are path connected since they are com- 
pact quotients of path connected spaces which gives 7r (X r (U n )) = 
7T (£ r (SU n )) = 7r ((^) r ) = 1. 

By Theorems 12.61 and 12.41 we additionally conclude from the same 
homotopy sequence 7ri(X r (GL n )) = 7ri(X r (U„)) = Z® r . 

Finally, by Theorem l2.4[ for all m we have 7r m (X r (GL n )) = 7r m (X r (U n )) 
and 7r m (X r (SU n )) = 7r m (X r (SL n )). 

□ 

Corollary 2.8. X r (U n ) ; respectively X r (GL n ), is a manifold whenever 
X r (SU n ), respectively X r (SL n ) ; is a manifold. 

Proof. The action of U n is free and proper. □ 

Corollary 2.9. X r (GL n ) and X r (SL n ) x (C*) r are etale equivalent. 

Proof. First note that SL^ x (C*) r is smooth and hence normal. This 
implies (see |Dre04| ) that (Sl_; x (C*) r )//SL„ = X r (SL„) x (C*) r is also 
normal. However, the GIT projection X r (SL n ) x (C*) r — > X r (SL„) x Z r 
(C*) r is then etale because U n is finite and acts freely (see [Dre04] ) . 
Then by Theorem 12 . 51 X^ ( G L, ) = X r (SL n ) x Z r (C*) r which establishes 
the result. □ 

Corollary 2.10. Let [p] G X r (SL n ) and let [ip] G X r (SU„). Then 

(1) [p] G X r (Sl n ) sin9 if and only if [p] G X r (Gl n ) sin9 

(2) [p] G X r (SL n ) sm if and only if [p] G X r (GL n ) sm 

(3) [ip] G X r {S\J n ) sm9 if and only if [tp] G X r {\J n ) sin9 

(4) G X r (SU n ) sm if and only if [tp] G X r (U n ) sm . 

Proof. First let [p] G X r (SL„). Corollary El tells that X r (SL n ) x 
(C*)' r — > X r (GL n ) is an etale equivalence and such mappings preserve 
tangent spaces, we conclude 

T [p] (X r (GL n )) = T [p] (X r (SL„) x (C*) r ) S T [p] (X r (SL n )) © C r . 

By counting dimensions and noticing 

dim c (X r (GL n )) = dim c (X r (SL n )) + r 

results (1) and (2) follow. 

Results (3) and (4) follow from (1) and (2) and the additional obser- 
vations that dim c (X r (K c )) = dim K (X r (K)) and dim c (T^(X r (K c ))) = 
dim K (T m (X r {K))). □ 

Corollary 2.11. We have the following isomorphisms of character va- 
rieties, 

(1) X r (PSL n ) = X r (SL n )//Z; 

(2) x r (Piy s x r (su n )/z;, 

the first in the category of algebraic varieties, and the second in the 
category of semi- algebraic sets. 
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Proof. From the previous theorem we have 

X r (GL n ) = X r (SL n )x z ,(C*) r . 

By quotienting both sides by (C*) r we can conclude X r (PSL n ) = X r {SL n ) //Z r n . 
More precisely letting fi = (yU 1; ...,/z r ) G (C*) r act only on the second 
factor of X r (SL n ) x (C*) r , 

H ■ {[{Ax, A r )}, (A 1; A r )) = {[{A u .., Ar)], // r A r )) , 

and going through the isomorphisms in Equations ([3D, one gets that the 
action on X r (GL n ) corresponds to scalar multiplication of each entry, 
so we obtain: 

X r (PSL n ) = £ r (GL n )//(CT 

= (X r (SL n )x z ,(CT)//(CT 

- ((x r (su) x {cy) //r n ) //{cy 
= {{x r {si n ) x (CT) //(CT) //K 
x r (SL n )//z;, 

as wanted. The other statement is analogous. □ 

Finally we note that from results in [Bre72] and the above corollary 
# m (£ r (PSU); Q) = H m {X r {Sl n ); Q) z - for all m,n, and r. 

2.2. Examples. We use the results in Section 12.11 and the theorems 
from [FL09J to describe the homeomorphism types of the examples 
known to be manifolds possibly with boundary. Let B n denote a closed 
real ball of indicated dimension, and let {*} denote the space consisting 
of one point. 

One can show (see [PS85]) that whenever (f> : X r (SL n ) — > M is an 
isomorphism, then X r (SU n ) = 0(X r (SU„)) C M by restricting (p to 
X r (SU n ) c X r (SL n ). 

We first consider the trivial case (r, n) = (r, 1). In this case the 
conjugation action is trivial, and thus we derive: 





Fixed Determinant 


Non-fixed Determinant 


Complex 


X r (SU) = {*} 


X r (GLi) = (C*) r 


Compact 


x r (suo {*} 


X r (Ui) ^ (5 x ) r 



Figure 1. Moduli of (r, l)-representations. 



We next consider the r = 1 case. The coefficients of the charac- 
teristic polynomial of a matrix X, {c±{X), c n -i{X), det{X)}, define 
conjugate invariant regular mappings Xi(SL n ) — > C" _1 and Xi(GL n ) — > 
C™ -1 x C* which are isomorphisms. 

Thus we conclude: 
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Fixed Determinant 


Non-fixed Determinant 


Complex 


Xi(SL n ) = C"- 1 


£i(GL n ) = C"- 1 x C* 


Compact 


Xi(SU n ) = B n _i 


3d(U n ) = B n _ x x S 1 



Figure 2. Moduli of (1, ^-representations. 



Remark 2.12. In this case there are no irreducible representations, 
despite it being smooth. For this reason these moduli should perhaps be 
regarded as everywhere singular, since we will see that irreducibles will 
generally be smooth points for r > 2. 

In the r = 2 case we have a surprising isomorphism £ 2 (SL 2 ) — > C 3 
given by [(A, B)] i— > (tr(A), tr(5), tr(AB)). More generally there is an 
isomorphism g[(2, C) 2 /PGL 2 — > C 5 given by 

[(A,B)] h-> (tr(A),tr(S),tr(AB),det(A),det(B)). 

Therefore we tabulate 





Fixed Determinant 


Non-fixed Determinant 


Complex 


X 2 (SL 2 ) s C 3 


3C 2 (GL 2 ) S C 3 x (C* x C*) 


Compact 


X 2 (SU 2 ) ^B~ 3 


3C 2 (U 2 ) ^ ^ x (S 1 x S 1 ) 



Figure 3. Moduli of (2, 2)-representations. 



In [FL09J the following fixed determinant cases are established. 





Fixed Determinant 


Non-fixed Determinant 


Compact (3, 2) 


£ 3 (SU 2 ) S G 


X 3 (U 2 ) S 6 x z a (S 1 x S 1 x S 1 ) 


Compact (2, 3) 


£ 2 (SU 3 ) = s 8 


X 2 (U 3 ) = 5 8 x z , (S^S 1 ) 



Figure 4. Moduli of compact (3,2) and (2,3) representations. 



Remark 2.13. The complex (3,2) and (2,3) cases are left out in the 
above description since we will show they are not manifolds. In each of 
these cases, the complex moduli space of fixed determinant is a branched 
double cover of complex affine space which deformation retract to a 
sphere. The explicit scheme structures are known as well. See |FL091 
ILaw07] . 
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This covers, as will see, all the cases where a manifold possibly with 
boundary can arise. 



3. Singularities 

3.1. Algebro-Geometric Singularities. There are a number of equiv- 
alent ways to describe smoothness for reduced equidimensional (having 
all components of equal dimension) affine schemes over C. Since our 
objects of interest 9Kr(G) and X r (G) satisfy these conditions, we will 
simply call a reduced complex finitely generated algebraic set (over C) 
an affine variety. 

Let X = V(/i, fk) in C n . Then its tangent space at the point 
p = (pi, ...,p n ) G X is the vector space 



T p (X) = {k..,, n )GC"| 



j- 



(vj — pj) = for all i}, 



p 



and for smooth points it is enough to generate this space with an ap- 
propriate subset of algebraically independent (maximally taken) gen- 
erators. Such a set gives a transcendence basis of C(X) over C which 
determines the Krull dimension of X (denoted by dimx ru uX), also 
equal to the maximal number of ideals in an ascending chain of prime 
ideals. 

This coincides with the more general definition T P (X) = (m p /m p ) 
which is the dual to the cotangent space m p /m p where m p is a maximal 
ideal in C[X] corresponding to p by Hilbert's Nullstellensatz. The 
maximal ideal is usually taken in the localization of the coordinate 
ring at the point p, but it does not matter here since it results in the 
same space. 

Definition 3.1. The singular locus of X is defined to be X smg = {p e 
X | dim c T p (X) > dim KruU X}. 

The complement of this set, X — X smg , is a complex manifold. If X 
is irreducible, then X is path-connected and furthermore X — X smg is 
likewise path-connected. See |Sha94j . 

Let c = n — dimKmiiX , which is constant for our considerations. 
And let J be the k x n Jacobian matrix of partial derivatives of the k 
relations defining IcC" We can assume n is minimal. 

Then X sm9 is concretely realized as the affine variety determined by 
the determinant of the c x c minors of J. This ideal is referred to as 
the Jacobian ideal, and will be denoted 3- In this way, X smg is seen to 
be a proper subvariety of X. 

For example, in |HP04] it is shown (for r > 3) that X r (SL 2 ) sm9 = 
X r (SL 2 ) red . In |Law07| . explicitly computing the Jacobian ideal, a sim- 
ilar result is also shown: X2(SL 3 ) red = X 2 (SL 3 ) sm9 . 
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3.2. Tangent Spaces. Let g be the Lie algebra of G. Having ad- 
dressed the r = 1 and n = 1 cases, we now assume that r, n > 2. 

The following two lemmas are classical, and in fact are true for any 
affine algebraic Lie group over IR or C. See |Wei64j . For a representation 
p : F r — > G, let us denote by gAd p the F r module g with the adjoint 
action via p. That is, any word w G F r acts as w ■ X = Ad p ( w )X = 
p(w)Xp(w)~ 1 , for X G g. Consider the cocycles, coboundaries and 
cohomology of F r with coefficients in this module. Explicitly: 

Z 1 (F r -, g Adp ) := {u : F r -> g | u{xy) = u{x) + Ad p{x) u(y)} 

B 1 (F r ; g Adp ) := {u : F r -> g \ u(x) = Ad p(x) X - X where X G g} 

H\F r ;g Adp ) := ^(F^flAdJ/B^flAdJ. 

Lemma 3.2. Let G be any affine algebraic Lie group over R or C. 

T p (m r (G))^g r ^Z\F r ;g Adp ). 

Let Orbp = {gpg^ 1 \ g G G} be the G-orbit of p, and let Stab p = 
{g G G | gpg^ 1 = p} be the G-stabilizer (or isotropy subgroup). 

Lemma 3.3. Let G be any affine algebraic Lie group over R or C. 

T p (Orb p ) = g/{X G g \ Ad p(x) X = X} = B\F r ; g Adp ). 

It is not always the case that the tangent space to the quotient is 
the quotient of tangent spaces. Just consider representations from the 
free group of rank 1 into SL 3 . The ring of invariants is two dimensional 
and the ring is generated by tr(X) and tr(X _1 ). So the ideal is zero 
and the ring is free. Consequently it is smooth and the representa- 
tion sending everything to the identity (having maximal stabilizer) is a 
non-singular point. This illustrates that there can be smooth points in 
the quotient that have positive-dimensional stabilizer. At these points, 
T p (%.(G)//G) ^ T p (%.(G))/T p (Orbp), seen by simply comparing di- 
mensions. 

We also note that if we replace free groups by finitely generated 
groups then the above isomorphisms require a more careful treatment 
due to the possible existence of nilpotents in the coordinate ring of 
%.(G) (see [Bmp . 

Recall that 9\ r (G) s is the set of irreducible representations, and 
X r (G) s = yi r (G) s /G. An action is called locally free if the stabilizer is 
finite dimensional and is called proper if the action G x X — >• X x X 
is a proper mapping. In general, the quotient by a proper locally free 
action of a reductive group on a smooth manifold is an orbifold (a space 
locally modeled on finite quotients of R n ). 

The following lemma can be found in [JM87, pages 54-57]. See also 
[Gd90l[Gd84]. 

Lemma 3.4. Let G be reductive and r,n > 2. The PG action on 
9i r (G) s is locally free and proper. 
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Therefore, %.(G)"/G = %.{G) S /PG are orbifolds. 

Lemma 3.5. For G equal to SL n , GL n , SU„, or U n and r, n > 2, the 

associated PG action on 9\ r (G) s is free. Therefore, in these cases 
9lr(G) s /G is a smooth manifold. 

Proof. Let p = (Xi, X r ) e 9l r (G) s . Then by Burnside's Theorem 
(see |Lan02j ) the collection {X x , ...,X r } generates all of M nxn as an 
algebra, since r > 1 and they form an irreducible set of matrices. 
Suppose there exists g G G so that for all 1 < k < r we have gX k g v = 
Xk- Then g stabilizes all of M nxn . 

Consider M = C n as a module over R = M nxn . Clearly, M is a 
simple module since no non-trivial proper subspaces are left invariant 
by all matrices. Let f g be the automorphism of C n defined by mapping 
v i— ► gv. Then f g defines an i?-module automorphism of M since g 
stabilizes all of R. Thus by Shur's Lemma the action of g is equal to 
the action of a scalar; that is, g is central. □ 

Lemma 13.51 and Lemma 13.161 (see section I3.4p together immediately 
imply the following corollary. 

Corollary 3.6. Let G = SL n , GL n , SU n , or \J n . If [p] e X r (G) s and 
r, n > 2, then 

T [p] (X r (G))^H\F r ; dAdp ). 

For G = SL„ we can calculate that dime X r (G) s = (n 2 — l)(r — 1) 
and for K = SU„, we have dim R X r (K) s = {n 2 — l)(r — 1). Likewise, 
for G = GL n we calculate dim c X r (G) s = n 2 {r — 1) + 1 and for K = U n , 
dim R X r {K) s = n 2 (r -1) + 1. 

Let X r {G) sm = X r {G) - X r {G) sin9 be the smooth stratum, which 
is a complex manifold, open and dense as a subset of X r {G). The 
calculation of dimensions above and Corollary 13.61 imply the following 
lemma which expresses the fact that the irreducibles not only form a 
smooth manifold but are naturally contained in the smooth stratum of 
the variety. 

Lemma 3.7. Let r,n > 2 and G be one of SL n or GL n . Then the 
following equivalent statements hold: 



(1) X r (G) s C X r (G) sm 

(2) X r {G) smfJ C X r {G) red . 

The next lemmas address important technical points that we will 
need in our proofs. 

Lemma 3.8. X r (G) red is an algebraic set; that is, a subvariety of 
X r {G). 

Proof. The irreducibles are exactly the GIT stable points (zero dimen- 
sional stabilizer and closed orbits) and in general these are Zariski open, 
which implies the complement is an algebraic set. □ 
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Lemma 3.9. Suppose there exists a set O C X r (G) smg (1 X r (G) red that 
is dense with respect to the ball topology in X r (G) red . Then X r (G) sin9 = 
X r (G) red . 

Proof. Since both X r (G) smg C X r (G) red are subvarieties (by Lemma 
I3.8p . O is dense in both with respect to the ball metric since it is 
dense in X r (G) red with respect to the ball metric and O C X r (G) sm9 fl 
X r (G) red . Thus X r (G) sin9 = O = X r (G) red , where O is the metric ball 
closure of O in X r {G). □ 

A set as in Lemma [3.91 is called an adherence set. 

3.3. Denseness of reducibles with minimal stabilizer. Now con- 
sider the following subvarieties of reducibles. Recall that the vector 
space is not considered to be an irreducible sub-representation. 

Definition 3.10. Define U r>n C X r (GL n ) red and W r , n C X r (Sl n ) red by: 
U r ,n = {[pi © P2] G X r (GL n ) : pi : F r — > GL„ 4 are irreducible} 
W rtn = {[pi © p 2 ] G X r (SL n ) : pi : F r — > GL ni are irreducible} , 
where we consider all possible decompositions n = nx + ri2, with rii > 0. 

Note that a given p e U r>n uniquely determines the integers n\ and 
n,2, up to permutation. We will refer to this situation by saying that 
p is of reduced type [711,712] • Similar remarks and terminology apply to 

u;„. 

It is clear that 
(4) X r (SL n ) red = X r (Gl n r d n X r (SL n ) 

and that 

The following is likewise clear. 

Lemma 3.11. A representation p is in U rjU if and only if Stab p = 
(C*) 2 . Also, p G W r)n if and only if Stab p = C*. 

The strategy is now to show that U rn and W r>n contain only singu- 
larities. However, we must first establish the following lemma. 

Lemma 3.12. Let r, n > 2. U r>n is dense in X r (GL n ) red with respect 
to the ball topology. 

Proof. When n — 2, U r>n coincides with X r {GL n ) red , since any com- 
pletely reducible representation is of reduced type [1, 1]. So we assume 
n > 3. Let p G [p] G X r (GL n ) red have at least three irreducible blocks; 
that is, p = p\ © P2 © P3 where p± and P2 are irreducible and p^ is 
semi-simple. In other words, [p] G X r (GL n ) red — U r}Jl . 

Then P2 © P3 is a semi-simple representation into GL^ for some k. 
Since the irreducible representations F r — > GL^ are dense (here we 
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use r > 1), there exists an irreducible sequence <jj G Hom(F r , GL fc ) 
satisfying 



lim Oj = p 2 © P3 

j->oo 



which in turn implies 



lim pi © a, = pi © p 2 © P3 = P, 



where pi © Uj is in U r>n . Thus we have a sequence [pi © cr,] G J7 nn C 
X r (GL„) red whose limit is [pi © p 2 © ps\. This shows that U r>n is dense 
in X r (GL n ) re<i and proves the lemma. □ 

Corollary 3.13. Let r, n > 2. Then W r ^ n is dense in X r (SL n ) red with 
respect to the ball topology. 



Proof. First we show that X r (SL n ) red C W r ^ n . Using the previous 
lemma and Equation (J5J), let 



[p] G X r (SL n ) rerf = 3£ r (SL n )nX r (GL n ^'"' 
= £ r (SL n )nlv. 

Then, we can write p = linux,-, where aj = pf 1 © p^ G U r>n is of 
reduced type [ni,n 2 ]. Let us write Xj := det p^ det p^. Since the 

limit is a well defined point [p] G X r (SL n ) red , we can arrange for the 

i 

sequence to be in W r>n as follows. Letting <x,- = ^ ni (for any choice 

of branch cut), we can also write p = \imr]j where r/j = (pi^a?) © p^ 
G W rtn , (since now rjj has unit determinant), from which one sees that 
p G W rjTl , as wanted. Finally, we get: 

X r (SL n ) red C W^ n = X r (SL„) n U r , n 



G 3C r (SL n ) n U r ^ n 
X r (SL ri ) , 

which implies all these sets coincide, finishing the proof. Here, we used 
the standard fact that the closure of an intersection is contained in the 
intersection of the closures, and that X r (SL n ) is closed in X r (GL n ). □ 

3.4. Luna Slice and the Zariski Tangent Space. We now prove a 
strong lemma, first proved in |HP04] and later and in more generality 
in [Sik09] . which tells exactly how to understand the Zariski tangent 
space at a general free group representation. For a similar result see 
also |Dre04t page 45]. To that end, we review the Luna Slice theorem 
|Lun73j . We recommend [Dre04j for a good exposition. 

Theorem 3.14 (Weak Luna Slice Theorem at Smooth Points). Let G 

be a reductive algebraic group acting on an affine variety X . Let x G X 
be a smooth point with Orb x closed. Then there exists a subvariety x G 
V G X , and Stab x - invariant etale morphism : V — > T X V satisfying: 
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(1) V is locally closed, affine, smooth, and Stab x -stable 

(2) V ^ X -> X//G induces T [x] {V//Stab x ) = T [x] (X//G) 

(3) (f)(x) = and d<f) x = Id 

(4) T X X = T x (Orb x ) © T X V with respect to the Stab x -action 

(5) induces T [x] {V//Stab x ) = To(T x y//Stab x ). 

Remark 3.15. The reader familiar with Luna's Slice Theorem may 
be wondering how the above stated theorem is implied. Firstly, note 
that ip is an Stale mapping if and only if the completion of the local 
rings satisfy O x = 0^ x ) which implies the subset of derivations are 
isomorphic, the latter being isomorphic to the Zariski tangent spaces. 
The usual Luna Slice Theorem implies <fi : V/Stab^ — > <f)(V)//Stab x is 
Stale, (G x V^)/Stab x = U C X is saturated and open, and V/Stab x — > 
U//G is Stale. We thus respectively conclude lines (5), (4), and (2) in 
the above theorem. 

Lemma 3.16. Let G be a complex algebraic reductive Lie group. For 
any [p] G 3C r (G), 

T [p] X r (G) T (H\F r ;Q AdpSS )//Stab p ss) , 

where p ss is a poly-stable representative from the extended orbit [p\. 

Proof. Any p ss G [p] has a closed orbit and is a smooth point of 9\ r (G), 
and every point [p] G X r (G) contains such a p ss . 

By the Luna Slice Theorem, there exists an algebraic set p ss G V p s S c 
9l r (G) such that: 

(1) Stab pSS (V p ss) c V p ss 

(2) With respect to the reductive action of Stab pS s, 

Z\F r ;g AdpSS ) = T p ss(ft r (G)) 7>.(OiV) © T pSS {V pSe ) 

= B\¥ r -Q AdpSS )®T pS s{V p ss), 

since p ss is smooth. 

(3) Thus, if 1 (F r ;0 A d «.) — T pSS (V^ ss ), as Stab pSS -spaces. 

(4) V p ss ^ %.(G) -^X r (G) induces T^ss^Vpss //Stabpss) ^ T [p] 3L r {G). 

(5) T[pssj(y p ss //Stab pss) = T (T pS s(V r p SS )/Stab pSS ) , since p ss is smooth. 

Putting these steps together we conclude 

T [p] X r (G) T (Tpss(Vpss)//Stab p ss) T (tf 1 ^; 0A d pS J//Stab pas ) . 

□ 

Remark 3.17. C/pon closer examination we find i? 1 (F r ; 0Ad pSS )/Stab pSS 
to fre an eto/e neighborhood; that is, an algebraic set that maps, via an 
Stale mapping, to an open set (in the ball topology) ofX r (G). 
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3.5. The C* action on cohomology. As we saw in Corollary 13.131 
the generic singularity will occur when Stab p is the smallest possible 
torus group, namely C* or C* x C*, for the cases G = SL n or G = GL„, 
respectively. 

To study the C* action on cohomology, the following setup will be 
relevant. 

Fix two integers n, k > 1. Consider the vector space C 2n = C n x C" 
with variables (z, w) = (z%, z n , W\, w n ) and the action of C* given 
by 

(5) A • (z, w) = (A fe z, A~ fe w). 

Let us denote by C 2n /fcC* the corresponding affine GIT quotient. It is 
the spectrum of the ring C [z, w] c of polynomial invariants under this 
action. To describe this ring, let 

be a monomial, with cij, 6; e N, and define 

n 

dp:= J^aj-bj. 

Any polynomial invariant under the action is a sum of monomials p 
such that dp = 0. Considering the monomials with smallest degree, we 
are led to conclude that 

C [z, W] C = C [ziWx, Z!W n , z n w l , z n w n ] . 

Note that this shows that the quotient is independent of k. By viewing 
these n 2 generators as elements of a nxn matrix, X = (xy) , x^j = ZiWj 
which necessarily has rank at most one, we conclude that this is the 
ring of polynomial functions on the variety V C M nxn (C) of matrices 
of rank < 1: 

C[z,w] c * = C[V}. 

The variety V is called a determinantal variety ( |Har95j ) and one can 
show that C [V] = C [xij] /I where / is the ideal of 2 x 2 minors of X. 
By simple computations, V has a unique singularity, the zero matrix, 
which corresponds to the orbit of zero in C 2n . 

Now, observe that all orbits of the action (jSJ) are closed except the 
orbits contained in 

Z := {0} x C n U C" x {0} , 

and moreover there is only one closed orbit in Z, which is easily seen to 
be the only singular point of C 2n /fcC*. Therefore, by GIT, the quotient 

(C 2n \Z)/C* 

is a geometric quotient. Summarizing these results, we have: 
Lemma 3.18. Let n > 2. 
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(a) C 2n /fcC is isomorphic to the determinantal variety of n x n 
square matrices of rank < 1 . Its unique singularity is the orbit 
of the origin. 

(b) (C 2n \ Z)/C* is isomorphic to C* x CP n_1 x CP™" 1 . 

Because of the fact that the GIT quotient is obtained from (C 2n \ 
Z)/C* by adding just one point, the singular point, and because of (b) 
above, we will refer to C 2n //kC as an affine cone over CP n_1 x CP n_1 , 
and denote it by ^(CP™" 1 x CP"" 1 ). It is called the affine cone over 
the Segre variety in [Muk03| . 

Now consider the following antiholomorphic involution of C 2n = C 71 © 
C n : 

j : (z, w) h-> -(w,z), 

and consider the same action as above, but restrict it to S 1 C C*. This 
will be relevant in the study of the compact quotients. The fixed point 
set of the involution j is the set 

F := {(z,-z) : z 6 C} C C n © C n , 

which is canonically identified with the first copy of C n (as real vector 
spaces) . 

Lemma 3.19. 

(a) The S 1 action on C 2n commutes with j . 

(b) The quotient Fj S 1 of its restriction to F is homeomorphic to a 
real open cone over CP n_1 denoted by C(CP n_1 ). 

Proof. Proving (a) is straightforward, and we leave it to the reader. 

To prove (b) first observe that on the fixed point set, the S 1 action 
just gives 

A • (z, -z) = (Az, -Az), XeS 1 

so we can describe it as an action of S 1 on the first copy of C n . Since the 
action is free except for the origin, all orbits are circles and the quotient 
C7S 1 is the union of C n \{0} / S l with a single point. Since C n \{0} / S 1 
is homeomorphic to (S 2n ~ 1 /S 1 ) x R, we obtain that F/S 1 is the real 
cone over S^^/S 1 , the latter being well known to be CP n_1 . □ 

These singularity types will be encountered in SL n and SU n character 
varieties. In fact, the same singularities will also appear in GL n and U„ 
character varieties, because the actions in these cases are very similar. 

Indeed one can easily show the following 

Proposition 3.20. Let n > 2. Let T = C* x C* act on a vector space 
V = C 2n = C n x C™ as follows: 

(A,/i) • (z, w) = (A/i _1 z, /iA -1 w). 

Then, C 2n //T is isomorphic to C 2n //2C*. In particular, as before, this 
quotient is the determinantal variety of n x n square matrices of rank 
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< 1, which has dimension 2n — 1. Its unique singularity is the orbit of 
the origin. 

Proof. We just need to argue, as before, that the invariant polynomials 
are generated by the same monomials, those of the form ZjWk, for any 
indices j, k G {1, n}, so they form annxn matrix with rank one. □ 

Finally, note that for n — 1, we get a smooth variety: C 2 /2C* = C. 

3.6. Proof of Theorem ll.lt Case 1. 

Theorem 3.21. Let r,n>2 and G = GL n or Sl n . Then X r (G) sm9 = 
X r (G) red if and only if (r, n) ^ (2, 2). 

Remark 3.22. If n = 1 the statement is vacuously true since in these 
cases there are no reducibles, nor are there singularities. We have 
already seen that there are smooth reducibles in the cases r = l,n > 2, 
and (r, n) = (2, 2) since there always exist reducibles in these cases and 
the entire moduli are smooth. 

Proof. Let G = GL n . By Lemma [3.71 it is enough to show X r (G) red C 
X r {G) sin9 . 

Let p G U rtn C 9\ r (G) red be of reduced type [ni,n 2 ] with ni,n 2 > 
and n = ni + n 2 (see Definition 13. lOj) and write it in the form p = 

Pi©p 2 = ( n X % Xna ), where X = (X u ...,X r ) G M r nM and 
Y = (Y 1 ,...,Y r ) G M£ 2Xn2 and fex/ = ( Q k xi, • ■ •,0fcx/ y ) where fex/ is the 

r 

k by / matrix of zeros. Recall that these representations form a dense 
set in X r (G) red , by Lemma [3121 

Let diaef ) be an n x n matrix whose (i, j) -entry is if % ^ j 

and is equal to a.; otherwise. Then Stab p = C* x C* is given by 

"2 

diag( . 

m 

We note that the action of the center is trivial so we often consider 
the stabilizer with respect to the action of G modulo its center. 
Then the cocycles satisfy 

^(F^Ad^ff = 

= {{d 3) ^ M ;x«,^M; x „/6M; Xtti) D6M; x „ 2 }, 

which have dimension n 2 r since this is the tangent space to a represen- 
tation and the representation variety is smooth. The coboundaries are 
given by B\F r ;Ad p ) = 

A B\ fX niX „ 2 \f A B\f X- 1 6 niXn2 



CD) V n2Xni Y J \ C D J \ Q n2Xni Y - 
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A B \ _ / XAX- 1 XBY- 1 
CD) \ YCX- 1 YD?- 1 

for a fixed element ( ^ ^jEQ.It has dimension n 2 — 2 since it 

is the tangent space to the G-orbit of p which has dimension equal to 
that of the group minus its stabilizer. 
Thus with respect to the torus action, 

(6) H l (F r ;Ad p ) S H l (¥ r ; Ad Pl ) © -ff 1 (F r ; Ad P2 ) © W, 

where W exist since the torus action is reductive. Computing dimen- 
sions we find: 

dim c H 1 (F r ; Ad p ) = n 2 r - (n 2 - 2) = n 2 (r - 1) + 2, 
dim c tf 1 ^; Ad p J = n 2 r - (n 2 - 1) = n 2 {r - 1) + 1, i = 1, 2, 

which implies dim c J ff 1 (F r ;Ad p )//(C*xC*) = n 2 (r-l) + l = dim c X r {G), 
since the diagonal of the C* x C* action is the center which acts trivially. 
We conclude that 

dime W = {n 2 — n\ — n\){r — 1) = 2n 1 n 2 (r — 1). 

Explicitly, the Stab p action on i? 1 (F r ; Ad p ) is given by: 

"2 r/ i* n\i r / 7 \ _i 



diag(A, ...,A,/i, 















i — > 


[( 



which respects representatives up to coboundary. 

So, the action on if 1 (F r ; Ad Pl ) © H l (F r ; Ad P2 ) is trivial (but not so 
on W) so we conclude 

#HFr;Ad,)//(C*xC*) =iJ 1 (F r ;Ad pi )©iJ 1 (F f .;Ad p2 )©(iy//(C* x C*)) . 

Therefore, by Proposition 13.201 we have established that is a singu- 
larity (solution to the generators of the singular locus) of W// (C* x C*) 
which then implies it is a sing ularity to H 1 ^; Ad p )/(C* x C*) (when- 
ever dime > 2) which then in turn implies any p G U r>n is a sin- 
gularity in jt r (£r) by Lemma [3.161 (note p = p ss here). U rjU is dense 
in X r (G\- n ) red by Lemma f3.12[ Then Lemma [3.91 applies to show that 
X r (Gl n ) sin9 = X r (Gl n ) red whenever dim c W = 2 ni n 2 (r - 1) > 2; that 
is, whenever (r, n) ^ (2,2). 

Now let [p] G X r (SL n ). Then it is easy to see that [p] G X r (SL n ) red 
if and only if [p] G X r (GL n ) red . Then Theorem 12.101 and the previously 
established case together imply X r (SL n ) red = X r (SL n ) sm9 . 

This finishes the proof of Theorem 11.11 for the groups SL n and GL n . 

□ 



Remark 3.23. We note that the cohomology decomposition used in 
the proof depends on the decomposition of p. For instance, in the 2x2 
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determinant 1 case, the reducible representation takes values in SL4 x 
GL4 = C° x C*, where C° is a point. Then 

H\¥ r ,k& p )//C* F 1 (F r ,Ad Pl )©iJ 1 (F r ,Ad, 2 )©(iy//C*) 

^ C° x C r x ((C 2 7C 2 )//C*) 

£ <C r x C 2r - 2 //C* 

= C r x C c (CP r - 2 x CP r " 2 ). 

Remark 3.24. The above proof works directly, with suitable modifica- 
tions for the case G = SL n . For instance the action of the stabilizer in 
this case is Stab p = C* given by 

diag( V^^/v^) , 

m 

-"1 

where A™ 1 // 12 = 1 which is equivalent to fi = A n ? . The cocycles satisfy 

^(fv; Adp) = Q r = 

A B 
C D 



A e M r niXni ,Be M r niXn2 ,Ce M r mxni ,D e M r n2Xm , 



tv(Ai) = -tr(A), 1 < i < r 

which have dimension (n 2 — l)r. The rest carries over without signifi- 
cant change. 

3.7. Case 2: K — SU„ or U n . Let K = SU n and let t be its Lie 
algebra. 

The tangent space at a point [p] e X r (K) is defined from the semi- 
algebraic structure; that is, the semi-algebraic set X r (K) is a subset of 
the real points of X r (Kc) and as such has a complex Zariski tangent 
space (itself an algebraic set). We define T^{X r {K)) to be the real 
points of this complex algebraic set. At smooth points this corresponds 
to the usual tangent space defined by differentials. 

The last cases to consider to finish the proof of Theorem II .11 is X r (K) 
in terms of SU n and U n . 

Theorem 3.25. Let K be any compact Lie group. Then X r (K) red = 
X r {K) sin 9 if and only if ' X r (K c ) red = X r (K c ) sin a . 

Proof. 

(1) X r (K) C X r (K c ) (see [FL09] ) 

(2) K-reducible ^-representations are K c -reducible (obvious) 

(3) .fTc-reducible ^-representations are always .fT-reducible (see |FL09l 
Appendix]) 

(4) dim K T[p]X r (K) = dim c T[ p ]X r (K c ) (by definition) 

(5) dim u X r (K) = dim c X r (K c ) 

□ 



SINGULARITIES OF CHARACTER VARIETIES 



22 



Since we have already established in Theorem 13.211 that for r, n > 2 
and K G {U„,SU n }, X r (K c ) red = X r (K c ) sin ° if and only if (r,n) ^ 
(2, 2), Theorem 13.251 is enough to finish the proof of Theorem 11.11 

3.8. Iterative reducibles and the Singular Stratification. Let 

the N th singular stratum be defined by 

Smg N (X r (G)) = (■ ..((X r (G)) sm T n n sm9 , 

which is well defined since each singular locus is a variety and as such 
has a singular locus itself. 
The ./V th level reducibles 

Red N (X r (G)) = (■■■ {{X r {G)) red ) red ~J ed 

is defined inductively in the following way: 

Let Redi(£ r (G)) = X T (G) red . For k > 1 define Red k (X r (G)Y k+ V be 
the set of p G Redk(X r (G)) which is minimally reducible, that is has 
a decomposition into irreducible sub-representations that has minimal 
summands. We define Red fc+ i(X r (G)) = Red fc (£ r (G))-Red fc (£ r (G))( fc+1 ) 
to be the complement of Red fc (X r .(G'))( fc+1 ) in Red k (X r (G)). Thus, 
Redi(X r (G)Y 2 ^ is always the reducibles that have exactly 2 irreducible 
subrepresentations-these are exactly the ones we considered in the 
proof of Theorem 13.2 II More generally, Redk(X r (G)Y k+1 ^ are the repre- 
sentations which decompose into exactly k+1 irreducible sub- representations. 
For example, Red 2 (X. r (SL 3 )) are the representations conjugate to a rep- 
resentation that has its semi-simplification diagonal, and Red3(X r (SL 3 )) = 
0. 

Likewise we have RedN(X r (K)) and S\ng N (X r (K)). 

Theorem 3.26. Let r,n > 2 and (r,n) ^ (2,2). If N > I, then 
Smg N (X r (G)) S Red N (X r (G)) and S\ng N {X r {K)) = Red N (X r (K)). 

The result follows by induction on the irreducible block forms and 
observing that each block form now corresponds to GL^, or Ufc in the 
compact cases. 

3.9. Remarks about other groups. 

3.9.1. General reductive groups. Let G be an affine reductive group. It 
can be shown (see |Sik09j ) that the definition given before of an irre- 
ducible representation p : T — » G corresponds exactly to the quotient 
group Stab p /Z(G) being finite. 

Using Lemma [3. 161 we can conclude 

Proposition 3.27. A free group G -representation is smooth if and 
only if is not in the Jacobian ideal of -ff 1 (F r ; 0Ad « S )/Stab p ^ which 
occurs if Stab p ss acts trivially which occurs if Stab pSS is central which 
occurs if the adjoint action of p is irreducible on q. 

Thus we conclude 
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Corollary 3.28. For any complex affine reductive group G and any 
p that is irreducible and having central stabilizer, then p is smooth in 
X r {G). 



A representation satisfying the conditions of the above corollary 
is called good. In other words, p G yi r (G) s is good if and only if 
Stab p /Z(G) is trivial. Letting *R r (G) 9 ° od be the open subset of good 
representations, it easily follows that X r (G) 9 ° od := ^K r (G)' Jood /G C 
X r (G) s C X r (G) is always a smooth manifold. 

[HP04J shows that our main theorem, i.e. X r (G) red = X r (G) sm9 , is 
not true for all reductive Lie groups G and free groups F r since for PSL 2 
there are irreducible representations which are singular. The issue is 
that the stabilizer of an irreducible representation, modulo the center 
of G, may not be trivial in general. This is not an issue for GL n or SL n 
since Lemma 1331 shows the action is free on the set of irreducibles; that 
is, in these cases a representation is good if and only if it is irreducible. 

Let n be the group of n x n complex orthogonal matrices, and let 
Sp 2n be the group of 2n x 2n complex symplectic matrices. 



Proposition 3.29. There exists irreducible representations p : F r — > G 
for G any of n , PSL n , and Sp 2n such that p is not good. 



Proof. It is sufficient in each case to find, for some n, a non-parabolic 
subgroup of G whose centralizer contains a non-central element. 

First consider a SL 2 -representation p contained in the subgroup of di- 
agonal and anti-diagonal matrices (containing at least one non-diagonal 
element and one non-central element). Then Stab p /Z(SL 2 ) is trivial, 
and so such a representation is irreducible. However p also determines 
an irreducible PS L 2 - valued representations consisting of diagonal and 

( % 

anti-diagonal matrices. However, its stabilizer now contains 



-i 

since up to conjugation these elements act as scalar multiplication by 
— 1 which is trivial for PSL 2 -representations but non-trivial for SL 2 - 
representations. This element is not central in SL 2 . Thus p defines an 
irreducible representation into PSL 2 that has finite non-central stabi- 
lizer, and thus is not good. 

For n representations consider any representation whose image con- 

/ ±1 \ 
±1 



sists of all matrices of the form 



V 



. One easily 



'■• 
±1 / 
computes that the stabilizer is finite and not trivial and thus they are 
irreducible with Stab p /Z(0„) not trivial and thus are not good. 
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± 



10 
0-100 
\-l J 



± 



± 



10 
0-100 
y 1 J 



For Sp 2n representations we can likewise find examples like the fol 
lowing for n = 2: let the representation have its image generated by 

/ 00l\ / i \ / -1 \ 

-i 

i 

\ -i J 

then we get an order 16 subgroup with finite stabilizer and as such 
is an irreducible with finite non-central stabilizer. Again we see that 
Stab p /Z(Sp 2n ) is not trivial and thus this representation is not good. 

□ 

Remark 3.30. In the case of PSL 2 representations (and consequently 
for SL 2 -v alued representations) there are irreducible representations that 
act reducibly on g. However, for PSL 2 these are singular points, but 
for SL 2 they are smooth. This shows that Ad-reducibility does not im- 
ply non-smoothness in general. In fact, in X2(PSL 2 ) there are simul- 
taneously reducibles that are smooth points and irreducibles that are 
singular. See [HP04] . 



Conjecture 3.31. Let G be a complex affine reductive group. Then 
X r (G) red C X r (G) sm9 for all r > 3 with equality holding if and only if 
G is SL n or GL n . 

We leave the exploration of this interesting conjecture and the de- 
scription of singular irreducibles to future work. 

3.9.2. What ifT is not free? One may wonder what the relations exist, 
if any, between reducible representations and singular points in Xr(G) 
for a general finitely generated group T. 

With a given presentation of T as T = (x±, ...,x r | ri, ...,r&) we can 
naturally associate the canonical epimorphism F r — > T = F r j (r 1? r^) 
which induces the inclusion Xr(G) C 3C Fr (G) providing Xr(G) with 
the structure of an affine subscheme. As such, p is irreducible (resp. 
completely reducible) in Xr(G) if and only if p is irreducible (resp. 
completely reducible) in X Fr (G). 

However, the notion of singularity is very far from being well be- 
haved: 

(1) If T is free abelian then all representations are reducible and 
thus the singularities cannot equal the reducibles since the sin- 
gularities are a proper subset. So reducibles can be smooth; in 
fact this example shows all smooth points can be reducible. 

(2) The irreducibles are not generally all smooth in the representa- 
tion variety let alone in the quotient variety; see [Sik09l Exam- 
ple 38]. Such representations can project to singular points in 
the quotient (as one might hope is the general situation). There- 
fore, there can be representations in Xr(G) sm9 C Xr(G) C 
X Fr (G) which are smooth in X Fr (G). 
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(3) Singularities in the quotient do not necessarily arise from singu- 
larities in the representation space. For example, if T is the fun- 
damental group of a genus 2 surface there exist representations 
in !tH r (SU 2 ) that are singular but the quotient 3£r(SU 2 ) ~ CP 3 
is smooth. See [NS651 INTO] . 

(4) Theorem 13.161 and its generalizations (see |Sik09j ) do not neces- 
sarily apply at a representation whose local ring contains non- 
zero nilpotents. 

Therefore, when T is not free there is little one can say in general. 

4. Local Structure and Classification of Manifold Cases 

As stated earlier, in [BCOlj it is established that X r (SU2) are not 
topological manifolds when r > 4. They compute explicit exam- 
ples where the representations (abelian, non-trivial) are contained in a 
neighborhood homeomorphic to C(CP r ~ 2 ) x R r , where C(X) = (X x 
[0,1)) /(X x {0}) is the real open cone over a topological space X. 
From this characterization, simple arguments imply that 3£ r (SU2) is 
not a manifold for r > 4. It is also a consequence of the following 
criterion, which will be useful later. 

Lemma 4.1. Let X be a manifold of dimension n and let d > 0. 
If C(X) x R d is Euclidean (i.e, homeomorphic to R d + n+1 J then X is 
homotopically equivalent to S n (a sphere of dimension n). Also, if 
C(X) x R d is half- Euclidean (i.e, homeomorphic to a closed half space 
in R d+n+1 J then X is homotopically equivalent to either a point or S n . 

Proof. Let p be the cone point of C(X). Using the natural deformation 
retraction from C(X) — {p} to X, we see that 

C(X) x R d - ({p} x R d ) = X x (0, 1) x R d ~ X, 

where Y ~ X symbolizes Y being homotopic to X. On the other hand, 
if C(X) xR d = R n+d+1 then C(X) xR d - ({p} x R d ) = R n+d+1 - R d ~ S n . 

The other statement follows in a similar fashion if the cone point is 
not on the boundary of the half space. Otherwise, {p} x R d is contained 
in the boundary so extracting it results in a contractible space. □ 

4.1. X r (SU n ) and X r (U n ). 

4.2. Compact Quotients and Slices. Let K = SU n and let t be its 

Lie algebra. Let d r ^ n = {n 2 — l)(r — 1) = dim c X r (G) = dim R X r (K). 
Whenever X r (K) is not a topological manifold, there exists a point 
[p] G X r (K) and a neighborhood AT containing [p] that is not locally 
homeomorphic to R dr n , or R+ ,n in the case of a boundary point. 

We need a smooth version of Mostow's slice theorem (see [Mos571 
IBre72j ). Let M x denote a neighborhood at x. 
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Lemma 4.2. For any [p] G X r (K), there is a neighborhood A/ui home- 
omorphic to if x (F r ; £Ad p )/Stab p . Moreover, 

T [p] X r (K) = T (H\F r ; t Adp )/Stab p ) . 

Proof. Let 9V (i^) = Hom(F r ,ii'). Since p G 9^ r (i^) is a smooth 
point, T p 0V(i^) = Z\F r -t Adp ). Moreover, T p Orb p S ^(F^AdJ C 
Z 1 (F r ; ^Adp)- Since Stab p is compact and acts on -B 1 (F r ; tAd p ), there ex- 
ists a Sta bp-invariant complement W. Thus Z 1 (F r ; l?Ad p ) — T p y\ r (K) = 
B l (F T \ ^Adp) © which respects the action of the stabilizer. Since 
9\r(K) is a smooth compact Riemannian manifold we can invariantly 
exponentiate W to obtain a slice exp(W) = S C ^(iT) such that 
T P S = W. Therefore, T P S = i? 1 (F r ; f?Ad p ) as Stab p -spaces. 

Saturating S by K we obtain an open i^-invariant space, which 
contains the orbit of p since p G S; namely U = K(S). Since U is open 
T P U = TpfRj.(K), and since it is saturated U/K = S/Stabp is an open 
subset of 3C r (K). 

Putting these observations together we conclude S is locally diffeo- 
morphic to T p S which implies the neighborhood U/K = H l (F r ; ^Ad p )/Stab p , 
which establishes our first claim. 

Then SyStab p is locally homeomorphic to T P S /Stab p , which then 
implies 

(7) Tjjo] (S/Stabp) T (T p S/Stab p ) . 
But 

(8) T [p] X r (K) = T [p] (U/K) - T [p] (5/Stab p ) 
and 

(9) T (TpS/Stabp) = T (H\F r ; e Adp )/Stab p ) . 

Equations ([T]) , (JHJ) , and flU]) together complete the proof. □ 

Remark 4.3. The above Lemma holds for all compact Lie groups K. 

Theorem 4.4. Let r, n > 2 and let p G ^(SU^) be of reduced type 
[ni,n 2 ]. Then, there exists a neighborhood [p] G Af C X r (SU n ) that is 
homeomorphic to R dsu « x C (CP' r " 1 '" in2 " 1 ) , where dsu n — (r — l)(nf + 
n| — 1) + 1- Also, if p G $Hr(U„) zs of reduced type [ni,n 2 ], i/iere exists 
a neighborhood [p] G A/" C X r (U n ) £/ia£ zs homeomorphic to R dUn x 
C (CPf^ 1 '" 1 " 2 - 1 ) , where d Un = (r - l)(n? + n|) + 2. 

Corollary 4.5. If K = \J n or K = SU n; 6o£/j r, n > 2, and (r, n) 7^ 

(2, 2), (2, 3), or (3, 2), i/ien j£ r (iT) zs not a manifold, nor is it a manifold 
with boundary. 

Proof. Theorem 14.41 implies that X r (U n ) or X r (SU n ) are manifolds only 
if R d un x C(CP( r-1)mna - 1 ), respectively R dsu ™ x C (CP^- 1 )™ 1 " 2 " 1 ), is 
locally Euclidean. By Lemma EL~T1 this can only be the case if nin 2 (r — 
1) — 1 G {0, 1}, with n = n x + n 2 and n 1; n 2 > 0. In the first case, 
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nin 2 {r — 1) = 1, which implies = n 2 = 1 and r = 2, so (r, n) = 
(2,2). From Section I2T21 we know X 2 (U 2 ) and X 2 (SU 2 ) are manifolds 
with boundary, and we conclude the neighborhood in this case is half- 
Euclidean since J\f = R d x [0, 1), for appropriate d. 

The other possibility is nin 2 (r — 1) = 2 so that n\ — 2 and n 2 = 1, 
or rii = 1 and n 2 = 2, and r = 2. This is the case (r, n) = (2,3). 
Otherwise, r = 3 and ni = n 2 = 1, which is the case (r, n) = (3,2). 
Moreover, from Section 12.21 these two are the only cases which are 
manifolds without boundary. 

Having exhausted all possibilities, the proof is complete. □ 



We now prove Theorem 14.41 



Proof of Theorem \4-4\ Similar to Theorem 13.211 there is a direct com- 



putational proof of TheoremH3 However, using Theorem I3"72"T| Lemma 
13.191 and the relation between K and its complexification, we can pro- 
vide a shorter argument. 

Let r be the Cartan involution on q = gl n , the Lie algebra of GL n , 

which is just the linear map A > —A , acting on a matrix A G gl n . By 
definition, the fixed point subspace of r is t, the Lie algebra u n of U n . 
One easily checks that r induces an involution on Z 1 (F r ; £)Ad p ) — Q r , 
whose fixed subspace is Z 1 (F r ; ^AdJ — £ r > an d similarly -B 1 (F r ; 0Ad p ) r = 
B l (F T \ ^Adp)- This implies that r induces an involution, also denoted r, 
on the first cohomology, and that H l (F r ]t Adp ) is naturally isomorphic 
to H^F^Qa^Y. 

Now, assume that p = p± © p 2 G U r ^ n fl fR r (\J n ), is of reduced type 
[711,712] (7ii,7i 2 > 0, rii + n 2 = n). Note that pi and p 2 are irre- 
ducible representations in 9t r (U ni ) and 9^ r (U n2 ), respectively, and with 
respect to the PU n conjugation action Stab p = S 1 . Then a cocycle 
<f) G Z 1 (F r ; t Adp ) = t r has the form 

<h A 

~A T 2 

where <f>\ G Z 1 (F r ;tp L d p ), and as in Theorem 13.211 A is now an ar- 
bitrary r-tuple of rii x n 2 matrices. This shows that r respects the 
decomposition in Equation flS]) , so we get 



H l (F r ;t Adp ) = H\F r -Q Adp Y = H\F f -Q AApi y®H\F r] Q Adp2 Y®W^ 

= H\F r -t A ,)@H 1 {F r -t AA J®F 



where, by the form of the cocycles above, we can write F := W T = 
{(z, -z) : z G C" 1 " 2 ^- 1 )}; using also dim c W = 2nm 2 (r - 1). 

By Lemma 14.21 a neighborhood of p is locally homeomorphic to 
H l {F r ; ^Ad p )/Stab p . As in the proof of Theorem 13.211 the action of 
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Stabp = S 1 does not affect if 1 (F r ; txd p .)) i = 1? 2, and we conclude that 
H\? r - e A d p )/Stab p = H\F r ; t Adf>l ) © H\F r ; t Ad J © F/S 1 
^ R du " eC(CP nin2(r_1)_1 ), 
by using Lemma I3.19L The dimension d\y n is computed by: 

2 

rf u„ = ^ dimRjpfl ( F ^ tAd J = (n? + nl)(r-l) + 2. 

i=i 

The case of K = SU n is similar. 

□ 

Remark 4.6. Note that using the identity representation (maximal 
stabilizer) results in ff 1 (F r ; ^A did )/Stab id = F/SU n since the cobound- 
aries are trivial. Removing a point results in a homological sphere 
quotient S^ 2 ' 1 ^- 1 ^ 1 /S\J n . If there was a Euclidean neighborhood 
about the identity, then this sphere quotient would be a homology sphere 

£(n 2 -l)(r-2)-l^ We fi nd this guite Ukdy fo 

give a different obstruction. 
At the other extreme (central stabilizer) the points are smooth and thus 
admit Euclidean neighborhoods. 

Conjecture 4.7. If K is equal to SU n or U n; [p] G X r (K) red , r,n>2, 
and (r,n) ^ (2, 2), (2, 3) or (3,2), then there does not exists a neigh- 
borhood of [p] that is Euclidean. 

4.3. X r (SL n ) and X r (GL n ). 

Theorem 4.8. Let r, n > 2 and let G be SL n or GL n . X r (G) is a 
topological manifold possibly with boundary if and only if (r, n) = (2, 2). 

Proof. By Remark 13.171 H l (F r ; 0Ad pSS )/Stab pSS is an etale neighbor- 
hood; that is, an algebraic set that maps, via an etale mapping, to an 
open set (in the ball topology) of X r (G). Thus we see that at a reducible 
with minimal stabilizer (C* for SL n and C* x C* for GL n ), that this 
neighborhood is etale equivalent to ^l+nl){r-i)+2 x C ( C p(r-i)mn 2 -i x 
C p(r-i)nina-i) in £ r (GL n ), w h e re the cone here is the affine cone de- 
fine over C*. In X r (SL„) we have a similar neighborhood. Either way, 
these sets are not locally Euclidean neighborhoods for r, n > 2 unless 
n = 2 = r which implies that n\ = 1 = n 2 . This is seen by similar 
arguments given above in the compact cases. □ 

Appendix A. Trace Algebras and Character Varieties 

In this appendix, we clarify the relationship between two distinct 
notions of "character variety" appearing in the literature, by showing 
these different definitions agree for some reductive groups and differ for 
others. 
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Let T be a finitely presented group and G be a complex affine reduc- 
tive group. Then 

C[tr(p(w)) | w € T] C C[Hom(r,G)] G 

where the action is by conjugation and C[Hom(T, G)\ is the coordinate 

ring of the affine scheme Hom(T, G). Recall Xr(G) = Spec max (C[Hom(T, G)] G ) 

is called the G-character variety ofT. We note that C[Hom(T, G)] G can 

in principle have nilpotents so we are considering the geometric points 

of the affine scheme Spec(C[Hom(T, G)] G ). 

Given a presentation of V with generators yi, ...,y r , there is a nat- 
urally associated group epimorphism ir : F r . — > T given by sending Xj 
to yj for j = 1, ...,r. This induces inclusions of representation spaces 
7r* : Hom(r, G) C Hom(F f .,G') and of character varieties 7T* : Xr(G) C 
%F r {G) which in turn corresponds to the projection 

(10) C[Hom(F n G)f -> C[Hom(r, G)f. 

Define %r(G) = Spec maa .(C[tr(p(w)) w 6 Tj) called the G -trace 
variety ofT. Generally, we have Xr(G) — > 1r(G). 

Theorem A.l. For G equal to one of SL n , GL n , Sp(2n), or 0(n) and 
for all finitely generated T, we have ^r{G) = Xr(G). 

Proof. In general, if / : X — > Y is a G-equivariant regular mapping 
of affine G- varieties, then if /* : C[Y] — > C[X] is surjective then 
r(C[Y] G ) = C[Xf. 

Let F r be a rank r free group and 7Tp : F r — *■ T be the projection asso- 
ciated with a generating set for F as above. Then, Equation ffTUl) implies 
that C[Hom(r, G)] G is generated by traces whenever C[Hom(F r , G)}° 
is generated by traces. 

Let M nxn be the affine vector space ofnxti complex matrices. 
Since G is affine it is linear and hence there exists nsoGc M nxn as 
an algebraic subset and hence Hom(F r , G) = G r C M£ xn . This implies 
that C[M r nxn ] -> C[Hom(F r , G)\ is surjective and hence C[Hom(F r , G)] G 
is generated by traces whenever C[M^ xn ] G is generated by traces. 

However the later was shown to be generated by traces of words 
in the case GL n in [Pro 76 j . which implies the same for SL n since the 
conjugation actions are identical. More still in [Pro76j . C[M^ xn ] G is also 
shown to be generated by traces of words and their transposes for G = 
O n which project to traces of words alone since orthogonal matrices are 
transpose invariant. Again in [Pro 76 j for G = Sp 2n the generators are 
traces of words and their symplectic transposes for which symplectic 
matrices are invariant. Thus again we have that these invariants project 
to traces of words, which completes the proof. □ 

We note that for S02 n this theorem is false in general. For instance, 
since S0 2 = C* is abelian we conclude X Fr (S0 2 ) = (C*) r . However, a 
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few computations show T Fl (S0 2 ) = C; showing £ Fl (S0 2 ) ^ T Fl (S0 2 ). 
On the other hand, the theorem is true for PSL 2 by |HP04j . 



Appendix B. A New Proof of the SU 2 Case 

In this appendix we show how Tom Baird's computation (see [Bai08j) 
of the Poincare polynomials of X r (SU 2 ) = SU 2 /SU 2 implies immediately 
that X r (SU 2 ) is not a topological manifold (locally homeomorphic to 
R 3r ~ 3 ) for r > 4. In fact, we wish to establish that it is also not a 
topological manifold with boundary. 

To simplify the presentation, consider the following polynomials in 
the variable t: 

f r (t) = ^[(i+tr(i+t 2 )-(i-*r(i-t 2 )] 

Kit) = (i + ey. 

Proposition B.l (T. Baird, 2008). The Poincare polynomials o/£ r (SU 2 ) 
are: 

P t {X r ,2) = 1 + t + where Q(t) = t 2 f r (t) - h r {t). 

As particular cases, one can easily compute that, for r = 1, 2, 3 and 
4, we have P t (X r (SU 2 )) = 1, 1, 1 + f and 1 + 4t 6 + t 9 , respectively. 

Let us first check that Pt is indeed a polynomial in t with non- 
negative integer coefficients. This follows from an alternative way to 
write P t which will be useful later. Denote by (TJ the binomial coeffi- 
cient, with the convention that ([) = for r < k. 

Lemma B.2. We have 



P t (X r (SU 2 )) = l + a{t) + b(t), 
where a, b are given by the finite series 

ii) a(t) = y [ _.- . \t 2k+il -^ 



and 



where 



<t) = y( , r 

k=i v 



m = E G 

k=i x 



' > 2fc+7 1 1 



1 — t 4k 
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Proof. We can write f r (t) = rt+ Qt 3 + Qt 5 + - ■ -+t 2 + Qt 4 + Qt 6 + - ■ ■ 
and h r {t) = 1 + Qt 3 + Qt 6 + ■ ■ ■ + t 3r so that 



Q(t)=t 2 f r (t)-h r (t) = -l + t 4 +(\(t 5 -t 9 )+(\(t 7 -t l5 ) + ... 



Since SU 2 is a compact connected Lie group, the orbit space X r (SU 2 ) = 
SU2/SU2 is also a compact connected topological space, with the nat- 
ural quotient topology. Observe that the degree of P t (X r (SU 2 )) = 
1 + 1 + is given by (for r > 2) 

N = deg Q — 3 = max{deg f r + 2, deg h r } — 3 = 3r — 3, 

because the degree of f r is r + 2 and the degree of h r is 3r. 

Lemma B.3. Let r > 3 and N = 3r — 3. (a) The Poincare polynomial 
P t of X r (S\}2) has degree N and its top coefficient is 1. (b) If X r (S\J 2) 
is a manifold (with or without boundary), then its dimension is N = 



Proof, (a) We have seen that deg Pt = N = 3r — 3. To determine its 
top coefficient for r > 3, note that the top coefficient of Pt is either the 
top coefficient of a, when r = 2k + 1 is odd, or the top coefficient of 
b, when r = 2k + 2 is even. According to equations (flT|) and (fl2l we 
have that both the top coefficients of a and b are 1 (in the odd case, 



r = 2k + 1, so that ( 2A T +1 )t 2A;+4 £ 4fc " 4 = l^ 6fc , and 6fc = 3(r - 1) and 



similarly in the even case). 

(b) The dimension of X r (SU n ) as a semi-algebraic set is {n 2 — l)(r — 1) 
for r > 2, and if it additionally is a topological manifold, the di- 
mensions coincide. All semi- algebraic sets have dense subsets which 
are manifolds, it is not hard to see that the irreducible representa- 
tions are all smooth and form a dense subset. Clearly, the projection 
SU^ — > X r (SU n ) is locally submersive at irreducible representations 
(since their stabilizers are zero dimensional) and thus the dimension in 
this case is easily seen to be the dimension of the tangent space to the 
representation, (n 2 — l)r (since SU^ is smooth), minus the dimension 




Therefore, we get 




= (l-t 4 )(-t + a(t) + 6(t)) 
which proves the desired formula. 



□ 



3r -3. 
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of the orbit, which is n 2 — 1, since the stabilizer is finite. When n = 2, 
we get the claim. □ 

We will use the following standard facts (see |Hat02] ). namely Poincare 
duality. By a closed manifold we mean a connected compact topological 
manifold without boundary. 

Proposition B.4. Let M be a closed manifold of dimension m. If 
dim H m (M, Q) = 1, then M is orientable. 

Theorem B.5 (Poincare duality). Let M be a closed manifold of di- 
mension m, and let bk = dim Hk(M, Q) be its k th Betti number. If M 
is orientable, then bk = b m ~k, for all k = 0, m. 

Proposition B.6. Let M be a compact connected manifold of dimen- 
sion m with non-empty boundary. Then H m (M, Q) = 0. 

Corollary B.7. Let r > 3. If X r (SU2) is a manifold possibly with 
boundary, then r = 3. 

Proof. First we show that the polynomial P^jE^SI^)) = bo + bit + 
• • • + t N , where bk = dim Hk(X r (S[)2) , Q) does not satisfy bk = b^-k, 
when r > 4. This is clear by looking at the coefficients. For example, 
6 4 = and, when r > 5, equations (TTTT) and (IT2"|) imply there is always 
a nonzero coefficient of N — 4 = 3r — 7, so that &tv_4 7^ 0. When r = 4, 
we have P t = l+4t 6 +t 9 which does not satisfy Poincare duality as well. 
Now suppose X r (SU 2 ) is a manifold (with or without boundary). Then 
Lemma IB.3I and Proposition IB.6I show that X r (SU2) has no boundary. 
So, X r (SU2) is closed of dimension 3r — 3, and therefore orientable 
by Proposition IB. 41 Thus Poincare duality (Theorem IB. 5}) applies, 
and we get a contradiction. So, X r (SU2) is not a closed manifold for 
r > 4. Since it is connected and compact, it is not everywhere locally 
homeomorphic to R 3r_3 or to a half Euclidean space either. □ 

A similar argument establishes the following theorem. 

Theorem B.8. Whenever the Poincare polynomial of X r (K) forbids 
duality and its top betti number is 1, then X r (K) is not a topological 
manifold, nor a topological manifold with boundary. 
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